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Fundamental Analysis of a Swinging Wilberforce Pendulum with Parametric Excitation from a Wall

Yoshiyuki NAKAMICHI 12 Toshio FUNADA?*? Katsuhisa OOBX " Makoto KAWAKAM| "2*3
Tatsumi MIYAUCHI?" and Kouji MOCHIZUKI?™

Abstract: In view of various types of pendulums provided at foreign universities and colleges, some representative education
materials are reexamined to show fundamental mechanical phenomena and to step up to higher level of PBL (Problem Based
Learning) resources. As one of such typical pendulums, Wilberforce pendulum is taken up here, whose longitudinal and
torsional modes of oscillation are known to arise from the nature of coil spring and may give rise to near resonance. The
pendulum is allowed to swing in a vertical plane to lead the system to three degrees of freedom. Nonlinear free oscillation is
simulated at near resonance and near the critical. It is found that initial values of the swinging causes the coupling oscillation
among the three oscillation modes and the near resonance occurs in the three modes.
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0 + ¢ + [1 + psin(wt)]sin(d) = 0 (1.2)
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0 + (p — 2q cos(2t)] sin(d) = 0 (1.3)
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0 +~0 4 5 cos(t) sin(h) = 0, (1.4)
046 + [3* + 6 cos(t)] sin(d) = 0 (1.5)
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xp = xo +r18in(01), zp = 20+ r1cos(f1) (2.1)

= Fysin(wt)

Fig.1 Swinging Wilberforce pendulum with horizontal or

vertical 1D excitation or vertically rotational 2D excitation.
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Lo= ”;1 <r1 + 262 ) + my7q (@0 sin(6y) + 2o cos(61))

+71 (3’3(2) + 28) +miry (jl‘() 008(01) — 2'70 sin(91)) 91

Jr s k‘l

*1/)1 - (r1 —70)% — *i/h (7“1 —70) Y1

—i—mlg[rl (cos(6y )—1)+20] (2.2)
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myy + ki (11 —10) + %1/’1 —mag (cos(f1) — 1)
+m (io sin(f;) + Zo cos(61) — 7“10.%) =0, (2.3)

mlrfél +m1r1gsin(91)+2m1r1f191
+ mqry (Zo cos(01) — Zpsin(1)) = 0, (2.4)
. €
J1¢1+5¢1+§(7“1—7”0)=0 (2.5)
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xg = Xosin(wt), 20 =10 (2.6)
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mayi + k1 (r — 7o) + %wl —myg(cos(fy) — 1)

—my (X0w2 sin(wt) sin(6y) + 7"19%) =0, (2.7)
mlr%él +mqrigsin(6q)

+mam <7X0w2 cos(61) sin(wt) + 2¢191) —0, (28)

Jin +51/J1+§(’”1—T0)=0 (2.9)
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xg =0, 2o = Zycos(wt) (2.10)
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mit + ki (1 —ro) + 51#1 —myg (cos(fr) — 1)

—my [—i—ZowQ cos(wt) cos(1) + rléﬂ =0, (2.11)
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+miry <Z0w2 cos(wt) sin(@l) + 27‘191) = O, (212)

Ty + by + g (r —10) =0 (2.13)
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xg = Rpsin(wt), zo = Rocos(wt) (2.19)
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mat + ki (1 —ro) + %77/11 —myg (cos(f1) — 1)

—m (R0w2 cos(wt — 601) + 7’19?> =0, (2.15)
mlrfél + mqrigsin(6y)

+ mqr (—R0w2 sin(wt — 61) + 27"19'1) =0, (2.16)
ity + 801+ 5 (= 70) = 0 (2.17)
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Fig.2d Time sequence of; (t) andr (¢) versust
(0 <t<2mx22).
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Fig.2eTime sequence df, (t) andé; (t) versust
(0 <t<2mx22).
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Fig.2f Time sequence af, (¢) andy, () versust
(0 <t <2r x 22).
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Fig.2g Spectrum of+ (t) in 0 < ¢ < 27 x 22.
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Fig.2h Spectrum o, () in 0 <t < 27 x 22.
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Fig.2i Spectrum of1 () in 0 <t < 27 x 22.
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Spectrum of+1 (¢) in 0 < ¢ < 27 x 22.
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Fig.4i Spectrum of1 (¢) in 0 <t < 27 x 22.
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