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Fundamental Analysis of a Wilberforce Pendulum

Yoshiyuki NAKAMICHI 12 Toshio FUNADA?*3 Keisuke SHIMIZU?® Dai IWAMOTO"
Yusuke FUNATSUP and Katsuhisa OOBA™

Abstract: In view of various types of pendulums provided at foreign universities and colleges, some representative education
materials are reexamined to show fundamental mechanical phenomena and to step up to higher level resources for PBL (Problem
Based Learning). As one of such typical pendulums, Wilberforce pendulum is taken up here, whose longitudinal and torsional
modes of oscillation are known to arise from the nature of coil spring and may give rise to near resonance. The spring constant
of coupling mode has an upper limit over which the system becomes unstable in time. Free vibration of Wilberforce pendulum
can be solved exactly and then is solved numerically to estimate the computation algorithm and numerical accuracy by checking

the value of total mechanical energy to be conserved.

Keywords:Wilberforce Pendulum, Longitudinal and Torsional Mode of Oscillation, Coupling Oscillation, Near Resonance

1 000O

00000000000000000000000000
00000000000 00D0000O000OWilberforce
00 (Wilberforced 0) 000 0 O O M0 WilberforceD O
0000000000000 000000000000
00000000000000000000000000
0018940 0 Cavendisid O 0O 0O WilberforceO OO OO
D00000000000000 WilberforceD OO0 0
DDoooooPooooDoooDoo0OoooOooooo
Ooooooo st oooooooo0oDooooono
ooooooooWtElopoooooHughey* 0O O
(resonance) 0 0000000000000 OOOOO0O
0000 (nearresonan€el 00O 0O0OO)0DO0OOOO
O000000000000000D0000D00 e0OO
O000D0000e— 0000000000000000
000 e=00000000000000000000
00000000000000000000 (0O0)0n0o
Oe#0000000000000000000000
00000 (nearresonanceé) 0000000 0D0OOOOO
e#000000000 (bea)J 000000000020
00000000000000000000000000
00000 (internal resonancef D000 O000O0DOO
O0000e—00000000000000000DOO
0000000D00000000000 00000000
O0000000000000000000000000
O0000000000000000000D000000
O000000000000000000000

1 0Dooooooo: Information Technology Center.
*2 00 0: Advanced Engineering Course.
"3 0000 000: Department of Digital Engineering.

boboobooooooooOooobooOobooOoooono
00000000 0OWiberforceDOOOODOODDOOOOO
000000000 OWilberforceDOOOODOOOODO
00 LagrangeD 00O ODOOOOOOOOOOOOOO
OO0OoDoODO0energyDODOODO0OO0ODOODOOO
cooooooooooooooo

2 Wilberforce D00 OO0O

FiglOOOOOoOOoOOoOOOOOOOOOoOoOOoOoooooo
gbobo 0b00oooboooooboobobobo
00 hO0OO0O0OOUOOoDpDooopoooooo m OO
0000000000 z,=2,(¢)(t:00)0000000
000000000 60000000000 ¥ =v1(t)0
OO0 moment/; DO0OOO0OOOODOOCODOOCODOOOO
000000 e00O0OO0OOOODODOOOOOO Lagrange
00 c,0000000000:

mi ]ﬂl 2_5

. Ji €
— 2 2 2
El = 721) + ?wl — ?Zp *'1/11 — §Zp1/11 (21)

2

Fig.1 Wilberforce pendulum. Apparatsand the
schematic of longitudinal and torsional oscillation modes.
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Fig.2a.S; (below) andS; (above) versus (0 < e < 2).
my = 1,k; = 1andd = 1. The solid line is forJ; = 1, the
dashed line for/; = 2, and the dotted line fay; = 0.5.

Fig.2bw; (below) andus (above) versus (0 < € < 2).
m1 = 1,k; = 1andd = 1. The solid line is forJ; = 1, the
dashed line for/; = 2, and the dotted line fay; = 0.5.
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Fig.3a S; (below) andS; (above) versug; (0 < J; < 3). Fig.4b Phase portrait ofi, 77[-}1) N0 <t<2rx 22.
mq = 1,k; = 1andé = 1. The solid line is fore = 0.01, 010

and the dashed line fer= 0.1.
120

115

110p

105

1.00

095

0.90 -

0.85

Fig.4c Time sequence of,(t) andz,(t) versust
(0 <t <21 x 22).

0.80 -
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Fig.4eSpectrum ok, (¢) in 0 < ¢ < 27 x 22.
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Fig.5c Spectrum ok, (t) in 0 < ¢ < 27 x 202.
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Fig.5d Spectrum ofi; (¢) in 0 < ¢ < 27 x 202.
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Fig.5eMechanical energys; in 0 <t < 27 x 202.
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