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支持点の励振による球面振子の数値解析

中道義之*1*2 大庭勝久*2*3 舟田敏雄*2*3 岩本大*3 清水啓介*3 船津佑介*3

Numerical Analysis of a Spherical Pendulum Excited from Suspension Point

Yoshiyuki NAKAMICHI *1*2 Katsuhisa OOBA*2*3 Toshio FUNADA*2*3

Dai IWAMOTO*3 Keisuke SHIMIZU*3 and Yusuke FUNATSU*3

Abstract: A spherical pendulum may be addressed as a next step following after a simple pendulum in the study of mechanics,

which is arranged for higher grade students to study education materials of PBL (Problem Based Learning). The bob position

of the spherical pendulum given in Cartesian coordinates is converted in spherical coordinates, and the Lagrange function is

computed symbolically to lead to the equations of motion, which can then be solved numerically. Based on the conservation of

mechanical energy and angular momentum, discussed are the typical mechanical features in the results numerically obtained.
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1 はじめに

単振子は，支持点から一定距離で束縛される質点の円周

上の運動であるので，基本的な回転運動・振動の代表的現

象例と言える．単振子は鉛直面内の運動と仮定されている

が，それは球面上の運動の特別な場合となる．そのような

流れに沿って，球面振子は入門段階に続く次の教程と位置

づけられる．しかも，強制球面振子の場合にもカオスが発

生する[1]–[4] ので，多くの関心が持たれている．また，ク

レーン[5] やマニピュレータ等をはじめ，ロボット工学・多

体運動力学 (multi body dynamics，機構解析)の基礎教材と

も位置づけられる．

ここでは，先ず球面振子の自由振動を工学数理教材並び

に一連の振子の研究報告[7]–[9] に沿って解説し，Mathemat-

icaにより Lagrange関数を求めて運動方程式を導出し数値

解析する．次いで，球面振子の支持点が励振される場合を

取り上げ，数値解析する．

2 支持点の励振

質量 mの質点が長さ L (=一定)の糸により支持点に繋が

れている (Fig.1)．重力は下向きに作用し，重力加速度は g

である．支持点を原点とし，z 軸を鉛直上向き，水平面を

(x, y)面とするデカルト座標系 (x, y, z)を取り，質点の位

置を (xP , yP , zP ) (xP ≡ xP (t), yP ≡ yP (t), zP ≡ zP (t),

t：時間) とする．鉛直軸と糸のなす角度 θ (θ ≡ θ(t))，水

平面内で x 軸から取った角度 ϕ (ϕ ≡ ϕ(t)) を用いて球座

標系 (r, θ, ϕ) に座標変換される。そして、支持点の座標

(x0, y0,−z0)が時間の関数として与えられる場合，錘の座
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標 (xp, yp, zp)は次のように表わされる:
xp = x0 + L1 sin(θ) cos(ϕ)
yp = y0 + L1 sin(θ) sin(ϕ)
zp = −z0 − L1 cos(θ)

(2.1)
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Fig.1 Spherical pendulum.

(2.1)式により，Lagrange関数 Lは次式で与えられる:

L =
m

2
(
ẋ2

p + ẏ2
p + ż2

p

)
− mgzp

=
m

2
L2

1θ̇
2 + mg(L1 cos(θ) + z0) +

m

2
(
ẋ2

0 + ẏ2
0 + ż2

0

)
+ mL1 [cos(θ) (cos(ϕ)ẋ0 + sin(ϕ)ẏ0) − sin(θ)ż0] θ̇

+ mL1 (− sin(θ) sin(ϕ)ẋ0 + cos(ϕ) sin(θ)ẏ0) ϕ̇

+
m

2
L2

1 sin2(θ)ϕ̇2 (2.2)

(2.2)式より，Lagrangeの運動方程式が求められる:

− mL2
1 cos(θ) sin(θ)ϕ̇2

+ m (gL1 sin(θ) + L1 (cos(θ) cos(ϕ)ẍ0

+cos(θ) sin(ϕ)ÿ0 − sin(θ)z̈0)) + mL2
1θ̈ = 0, (2.3)

2mL2
1 cos(θ) sin(θ)θ̇ϕ̇

+ mL1 (− sin(θ) sin(ϕ)ẍ0 + cos(ϕ) sin(θ)ÿ0)

+ mL2
1 sin2(θ)ϕ̈ = 0 (2.4)

支持点が x方向に周期的に励振される場合，支持点の座
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標は次式で表わされる:

x0 = X0 sin(ωt), y0 = 0, z0 = 0 (2.5)

(2.5), (2.4), (2.3)式により，この場合の運動方程式は次の

ように表わされる:

m
(
−L1X0ω

2 cos(θ) cos(ϕ) sin(ωt) + gL1 sin(θ)
)

− mL2
1 cos(θ) sin(θ)ϕ̇2 + mL2

1θ̈ = 0, (2.6)

mL1X0ω
2 sin(ωt) sin(θ) sin(ϕ) + 2mL2

1 cos(θ) sin(θ)θ̇ϕ̇

+ mL2
1 sin2(θ)ϕ̈ = 0 (2.7)

支持点が y 方向に周期的に励振される場合，支持点の座

標は次式で表わされる:

x0 = 0, y0 = Y0 sin(ωt), z0 = 0 (2.8)

(2.8), (2.4), (2.3)式により，この場合の運動方程式は次の

ように表わされる:

m
(
gL1 sin(θ) − L1Y0ω

2 cos(θ) sin(ωt) sin(ϕ)
)

− mL2
1 cos(θ) sin(θ)ϕ̇2 + mL2

1θ̈ = 0, (2.9)

− mL1Y0ω
2 cos(ϕ) sin(ωt) sin(θ) + 2mL2

1 cos(θ) sin(θ)θ̇ϕ̇

+ mL2
1 sin2(θ)ϕ̈ = 0 (2.10)

支持点が z 方向に周期的に励振される場合，支持点の座

標は次式で表わされる:

x0 = 0, y0 = 0, z0 = Z0 sin(ωt) (2.11)

(2.11), (2.4), (2.3)式により，この場合の運動方程式は次の

ように表わされる:

m
(
gL1 sin(θ) + L1Z0ω

2 sin(ωt) sin(θ)
)

− mL2
1 cos(θ) sin(θ)ϕ̇2 + mL2

1θ̈ = 0, (2.12)

2mL2
1 cos(θ) sin(θ)θ̇ϕ̇ + mL2

1 sin2(θ)ϕ̈ = 0 (2.13)

支持点が鉛直面内で周期的に励振される場合，支持点の

座標は次式で表わされる:

x0 = R0 sin(ωt), y0 = 0, z0 = R0 cos(ωt) (2.14)

(2.14), (2.4), (2.3)式により，この場合の運動方程式は次の

ように表わされる:

m

(
gL1 sin(θ) +

1
4
L1

(
−2R0ω

2 sin(ωt − θ)

+2R0ω
2 sin(ωt + θ)

−R0ω
2 sin(ωt − θ − ϕ) − R0ω

2 sin(ωt + θ − ϕ)

−R0ω
2 sin(ωt − θ + ϕ) − R0ω

2 sin(ωt + θ + ϕ)
))

− m

2
L2

1 sin(2θ)ϕ̇2 + mL2
1θ̈ = 0, (2.15)

mL1R0ω
2 sin(ωt) sin(θ) sin(ϕ) + 2mL2

1 cos(θ) sin(θ)θ̇ϕ̇

+ mL2
1 sin2(θ)ϕ̈ = 0 (2.16)

支持点が水平面内で周期的に励振される場合，支持点の

座標は次式で表わされる:

x0 = R1 cos(ωt), y0 = R1 sin(ωt), z0 = 0 (2.17)

(2.17), (2.4), (2.3)式により，この場合の運動方程式は次の

ように表わされる:

m

(
1
2
L1

(
−R1ω

2 cos(ωt − θ − ϕ)

−R1ω
2 cos(ωt + θ − ϕ)

)
+ gL1 sin(θ)

)
− m

2
L2

1 sin(2θ)ϕ̇2 + mL2
1θ̈ = 0, (2.18)

m

2
L1

(
−R1ω

2 cos(ωt − θ − ϕ)

+R1ω
2 cos(ωt + θ − ϕ)

)
+ mL2

1 sin(2θ)θ̇ϕ̇

+ mL2
1 sin2(θ)ϕ̈ = 0 (2.19)

2.1 Exciting in the x-direction

球面振子の規定値を g = 1, m = 1, L1 = 1, X0 = 0.5,

ω = 1 とおく．微分方程式系 (2.6), (2.7)式の初期値を

θ(0) = 0.1, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.6), (2.7)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.2a-2fに示す．
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Fig.2aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31. The

figure is rotated by 90◦.
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Fig.2b Phase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31. The

figure is rotated by 90◦.
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Fig.2cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.2d Time sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).

50 100 150

5

10

15

20

Fig.2eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.2f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

球面振子の規定値を g = 1, m = 1, L1 = 1, X = 0.5,

ω = 1.32 とおく．微分方程式系 (2.18), (2.19)式の初期

値を θ(0) = 0.5, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.18), (2.19)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.4a-4fに示す.
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Fig.4aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31.The

figure is rotated by 90◦.
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Fig.4b Phase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31.The

figure is rotated by 90◦.
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Fig.4cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.4d Time sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.4eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.4f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

2.2 Exciting with damper

球面振子の規定値を g = 1, m = 1, L1 = 1, X0 = 0.5,

ω = 1, cd1 = 0.01, cd2 = 0.01 とおく．微分方程式系

(2.6), (2.7)式の初期値を θ(0) = 0.1, θ̇(0) = 0, ϕ(0) = 0,

ϕ̇(0) = 0.1 と平衡点の近傍に設定して，(2.6), (2.7)式を

時間 0 ≤ t ≤ te (te = 2π × 31) で数値積分した結果を

Fig.5a-5fに示す．
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Fig.5aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31.
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Fig.5b Phase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31. The

figure is rotated by 90◦.
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Fig.5cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.5d Time sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.5eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.5f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

2.3 Exciting in the y direction

球面振子の規定値を g = 1, m = 1, L1 = 1, Y0 = 0.5,

ω = 1 とおく．微分方程式系 (2.9), (2.10)式の初期値を

θ(0) = 0.1, θ̇(0) = 0,ϕ(0) = 0, ϕ̇(0) = 0.1と平衡点の近傍

に設定して，(2.9), (2.10)式を時間 0 ≤ t ≤ te (te = 2π×31)

で数値積分した結果を Fig.6a-6fに示す．
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Fig.6aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31. The

figure is rotated by 90◦.
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Fig.6b Phase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31. The

figure is rotated by 90◦.

50 100 150-6

6

Fig.6cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.6d Time sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).

50 100 150

5

10

15

20

Fig.6eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.6f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.
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2.4 Exciting in the z direction

球面振子の規定値を g = 1, m = 1, L1 = 1, Z0 = 0.5,

ω = 1 とおく．微分方程式系 (2.12), (2.13)式の初期値

を θ(0) = 0.1, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.12), (2.13)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.7a-7fに示す
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Fig.7aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31. The

figure is rotated by 90◦.
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Fig.7b Phase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31.
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Fig.7cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.7d Time sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.7eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.7f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

球面振子の規定値を g = 1, m = 1, L1 = 1, Z = 0.5,

ω = 1 とおく．微分方程式系 (2.18), (2.19)式の初期値

を θ(0) = 0.1, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.18), (2.19)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.8a-8fに示す.
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Fig.8aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31.The

figure is rotated by 90◦.
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Fig.8b Phase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31.
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Fig.8cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.8d Time sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.8eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.8f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

2.5 Exciting in the R0 direction

球面振子の規定値を g = 1, m = 1, L1 = 1, R0 = 0.5,

ω = 1 とおく．微分方程式系 (2.15), (2.16)式の初期値

を θ(0) = 0.1, θ̇(0) = 0,ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡点

の近傍に設定して，(2.15), (2.16)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.9a-9fに示す．
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Fig.9aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31. The

figure is rotated by 90◦.
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Fig.9b Phase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31. The

figure is rotated by 90◦.
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Fig.9cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.9d Time sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.9eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.9f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

球面振子の規定値を g = 1, m = 1, L1 = 1, R0 = 0.5,

ω = 0.6 とおく．微分方程式系 (2.18), (2.19)式の初期値

を θ(0) = 0.5, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.18), (2.19)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.10a-10fに示す.

球面振子の規定値を g = 1, m = 1, L1 = 1, R0 = 0.5,

ω = 0.75 とおく．微分方程式系 (2.18), (2.19)式の初期

値を θ(0) = 0.5, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.18), (2.19)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.11a-11fに示す.
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Fig.11aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31.The

figure is rotated by 90◦.
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Fig.11bPhase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31.The

figure is rotated by 90◦.
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Fig.11cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.11dTime sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.11eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.

50 100 150

20

40

60

Fig.11f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

2.6 Exciting in the R1 direction

球面振子の規定値を g = 1, m = 1, L1 = 1, R1 = 0.5,

ω = 1 とおく．微分方程式系 (2.18), (2.19)式の初期値

を θ(0) = 0.1, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.18), (2.19)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.12a-12fに示す.
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Fig.12aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31.
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Fig.12bPhase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31.
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Fig.12cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).

50 100 150
0

50

100

150

Fig.12dTime sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.12eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.12f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

球面振子の規定値を g = 1, m = 1, L1 = 1, R1 = 0.5,

ω = 0.5 とおく．微分方程式系 (2.18), (2.19)式の初期値

を θ(0) = 0.5, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.18), (2.19)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.13a-13fに示す.
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Fig.13aPhase portrait of(θ, θ̇) in 0 ≤ t ≤ 2π × 31.The
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figure is rotated by 90◦.
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Fig.13bPhase portrait of(ϕ, ϕ̇) in 0 ≤ t ≤ 2π × 31.
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Fig.13cTime sequence ofθ(t) andθ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.13dTime sequence ofϕ andϕ̇(t) versust

(0 ≤ t ≤ 2π × 31).
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Fig.13eSpectrum ofθ(t) in 0 ≤ t ≤ 2π × 31.
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Fig.13f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.

球面振子の規定値を g = 1, m = 1, L1 = 1, R1 = 0.5,

ω = 0.9 とおく．微分方程式系 (2.18), (2.19)式の初期値

を θ(0) = 0.5, θ̇(0) = 0, ϕ(0) = 0, ϕ̇(0) = 0.1 と平衡

点の近傍に設定して，(2.18), (2.19)式を時間 0 ≤ t ≤ te

(te = 2π × 31)で数値積分した結果を Fig.13a-13fに示す.
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(0 ≤ t ≤ 2π × 31).
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50 100 150

200

400

600

800

1000

1200

Fig.13f Spectrum ofϕ(t) in 0 ≤ t ≤ 2π × 31.
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3 おわりに

本報告では，球面振子の理論解析を行い，その解析過程を

Mathematicaで数式処理して運動方程式を導出し，それを

数値解析した．本報告により，非線形力学・カオス工学の

新たな教材を提供できたものと思われる．さらに，球面振

子に関連する力学的問題は続報[14] で数値解析される。

本報告の一部は，先に講演発表したこと[10], [11] を付記

する．

本研究遂行にあたり，本校の校長リーダーシップ経費に

よる支援を受けたことをここに記して，柳下福蔵校長に厚

くお礼申し上げます．
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