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Numerical Analysis of a Spherical Pendulum Excited from Suspension Point

Yoshiyuki NAKAMICHI 12 Katsuhisa OOB& "™ Toshio FUNADA?"
Dai IWAMOTO™ Keisuke SHIMIZU?® and Yusuke FUNATS(G

Abstract: A spherical pendulum may be addressed as a next step following after a simple pendulum in the study of mechanics,
which is arranged for higher grade students to study education materials of PBL (Problem Based Learning). The bob position
of the spherical pendulum given in Cartesian coordinates is converted in spherical coordinates, and the Lagrange function is
computed symbolically to lead to the equations of motion, which can then be solved numerically. Based on the conservation of
mechanical energy and angular momentum, discussed are the typical mechanical features in the results numerically obtained.
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xp = 2o + L1 sin(8) cos(y)
Yp = Yo + L1 sin(6) sin(yp) (2.1)
zp = —2p — L1 cos(6)
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Z

Fig.1 Spherical pendulum.
(2.1)00000Lagrange] 0 000000000
L= ) ($12,+y12;+22) — mgzp
LTS YD) m o .o | .2 .2
=5 Li0° +mg(Ly cos(0) + zo) + 5 (&3 + 95 + 23)
+ mL [cos(0) (cos(¢)do + sin(p)ygo) — sin(f)zo] 0
+ mL (—sin(8) sin(p)zg + cos(p) sin(0)yo) @

+ %L? sin®(6)p? 2.2)

(22)0000Lagranged 0000 O0OOOOOO:

— mL3 cos(0) sin(6)

+m (gLysin(@) + Ly (cos(8) cos(v)Zo

+ cos(0) sin(p)ijo — sin(0) %)) + mL26 =0,  (2.3)
2m.L2 cos(6) sin(0)0¢

+ mL; (—sin(8) sin(p)io + cos(p) sin(0) o)
+mL2sin®(0)p =0 (2.4)
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xg = Xpsin(wt), yo=0, 20=0 (2.5)
(2.5), (2.4), (2.3000000000000000000
oooooooo:

m (—L1 Xow? cos(8) cos(p) sin(wt) + gLy sin(6))

— mL2 cos(f) sin(0)p? + mL26 = 0, (2.6)
mLy Xow? sin(wt) sin(0) sin() + 2mL? cos(6) sin(0)0¢
+mL3sin?(0)p =0 (2.7)
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20 =0, yo = Yosin(wt), z0=0 (2.8)

(2.8), (2.4), (23 0000000000000 O0O00O0O
000ooooo:

m (gLysin(0) — L1 Yow? cos(0) sin(wt) sin(p))

— mL? cos() sin(#)p* + mL36 = 0, (2.9)
— mLy Yow? cos(¢) sin(wt) sin(0) + 2mL? cos(6) sin(6)0p
+mL3sin?(0)p = 0 (2.10)
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o = 0, Yo = 07 zZ0 — Zo Sin(wt) (211)

(2.11), (2.4), (230 00000000000000000
0ooooooo:

m (9L sin(f) + Ly Zow” sin(wt) sin(6))
— mL2 cos(6) sin(0)p? + mL26 = 0, (2.12)
2mL? cos(8) sin(0)8gp + mL? sin?(0)g = 0 (2.13)
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xg = Rosin(wt), yo =0, zo = Rpcos(wt) (2.14)

(2.14), (2.4), (23 00000000000000000
00oooo0o0:

1

m (gL1 sin(6) + ZLl (—2Row? sin(wt — 6)

+2Row? sin(wt + )

—Row? sin(wt — 0 — ) — Row? sin(wt + 0 — )

—Row? sin(wt — 0 + @) — Row? sin(wt + 0 + ¢)))

- %L% sin(20)¢? + mL20 = 0, (2.15)
mLy Row? sin(wt) sin(0) sin(p) + 2mL? cos() sin(0)0p
+mL?sin?(0)p =0 (2.16)
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xg = Ry cos(wt), yo = Rysin(wt), 20 =0  (2.17)

(2.17), (2.4), (230 00000000000000000
000o0oo0oo:

1
m <2L1 (—R1w? cos(wt — 0 — )

—Ryw? cos(wt + 0 — ¢)) + gLy sin(6))

- %L% sin(20)¢2 + mL2§ = 0, (2.18)
%Ll (—R1w? cos(wt — 0 — )

+Rw? cos(wt + 0 — ¢)) + mL3 sin(26)6¢p
+mL?sin?(0)p =0 (2.19)

2.1 Exciting in the z-direction
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0(0) = 0.1, H(0) = 0, p(0) = 0, $(0) = 0.1 000
00D00000000(26), 27)0000 0 <t <t
(te=27x31)0000000000 Fig2a2f0000

Fig.2b Phase portrait ofp, ) in 0 <t < 27 x 31. The
figure is rotated by 90
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Fig.2c Time sequence df(t) andd(t) versust
(0 <t <2mx31).
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Fig.2d Time sequence af ando(t) versust
(0 <t <271 x31).
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Fig.2eSpectrum of(¢) in 0 <t < 27 x 31.
200
150

100

1 )

50 100 150

Fig.2f Spectrum ofp(¢) in 0 < ¢ < 27 x 31.
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00 6(0) = 0.5,0(0) = 0, ¢(0) = 0,$(0) = 01000
0000000000(2.18), (2190000 0 <t < ¢,
(te=2rx31)0000000000 FigdadfOo0.
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Fig.4aPhase portrait o9, §) in 0 < ¢t < 27 x 31.The
figure is rotated by 90
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Fig.4b Phase portrait ofp, ¢) in 0 <t < 27 x 31.The

figure is rotated by 90
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Fig.4c Time sequence df(t) andd(t) versust
(0 <t <271 x31).

Fig.4d Time sequence af andy(t) versust
(0 <t <2mx31).
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Fig.4eSpectrum oB(¢) in 0 < ¢ < 27 x 31.
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Fig.4f Spectrum ofp(¢) in 0 < ¢ < 27 x 31.

2.2 Exciting with damper
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010000000000000(2.6), (2.7)00
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Fig.5aPhase portrait of¢, §) in 0 < ¢ < 27 x 31.
—

Fig.5b Phase portrait ofp, ) in 0 < t < 27 x 31. The

figure is rotated by 90
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Fig.5¢c Time sequence df(t) andd(t) versust
(0 <t <2m x31).

Fig.5d Time sequence af andy(t) versust
(0 <t <2mx31).
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Fig.5eSpectrum of(¢) in 0 < ¢ < 27 x 31.
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Fig.5f Spectrum ofp(¢) in 0 < ¢ < 27 x 31.

2.3 Exciting in the y direction
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0000000000 Figea6f0000

Fig.6aPhase portrait of¢, §) in 0 < ¢ < 27 x 31. The
figure is rotated by 90

Fig.6b Phase portrait ofp, ) in 0 < t < 27 x 31. The
figure is rotated by 90
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Fig.6¢ Time sequence df(¢) andd(t) versust
(0 <t <2mx31).
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Fig.6d Time sequence af andy(t) versust
(0 <t <27 x 31).
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Fig.6eSpectrum oB(¢) in 0 < ¢ < 27 x 31.
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Fig.6f Spectrum ofp(¢) in 0 <t < 27 x 31.
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2.4 Exciting in the z direction
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Fig.7eSpectrum of(¢) in 0 < t < 27 x 31.
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Fig.7f Spectrum ofp(¢) in 0 < ¢t < 27 x 31.
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Fig.7aPhase portrait of¢, §) in 0 < ¢ < 27 x 31. The
figure is rotated by 90
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Fig.7b Phase portrait ofp, ) in 0 <t < 27 x 31.
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Fig.7c Time sequence df(t) andd(t) versust
(0 <t <2mx31).
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Fig.7d Time sequence af andy(t) versust
(0 <t <2mx31).
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Fig.8aPhase portrait of¢, §) in 0 < ¢t < 27 x 31.The
figure is rotated by 90

Fig.8b Phase portrait ofp, ¢) in 0 <t < 27 x 31.
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Fig.8c Time sequence df(t) andd(t) versust
(0 <t <271 x31).
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Fig.8d Time sequence af andy(t) versust
(0 <t <2rm x 31).
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Fig.8eSpectrum of(¢) in 0 < t < 27 x 31.




paper28-from35-spherical-pendulum-oct31.tex printed 200010 1 [ 2806

1400 -
1200
1000

800

600

A _J

50 100 150

Fig.8f Spectrum ofp(¢) in 0 < t < 27 x 31.

2.5 Exciting in the R, direction
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Fig.9aPhase portrait of¢, §) in 0 < ¢ < 27 x 31. The
figure is rotated by 90

Fig.9b Phase portrait ofp, ) in 0 < t < 27 x 31. The
figure is rotated by 90
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Fig.9c Time sequence df(t) andd(t) versust
(0 <t <2mx31).

Fig.9d Time sequence ap andy(t) versust
(0 <t <2mx31).
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Fig.9eSpectrum oB(¢) in 0 < ¢ < 27 x 31.
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Fig.9f Spectrum ofp(¢) in 0 < ¢ < 27 x 31.
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0 A(0) = 0.5, 000) = 0, (0) = 0, p(0) = 01000
0000000000 (2.418), (2190000 0 <t <t
(te=27x31)0000000000 Fig.10a10f0 0 0.
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00 6(0) = 0.5,6(0) = 0, (0) =0, p(0) = 0.1 000
00D0D000D0000(2.18), (2190000 0 <t <t
(te=27x31)0000000000 Fig.1lallf000.

Fig.11aPhase portrait ofd, ) in 0 < t < 27 x 31.The
figure is rotated by 90

Fig.11bPhase portrait ofp, ¢) in0 < ¢t < 27 x 31.The
figure is rotated by 90
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Fig.11cTime sequence af(t) andd(t) versust
(0 <t <2mx31).
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Fig.11d Time sequence @b andy(t) versust
(0 <t <2rmx31).
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Fig.11eSpectrum of(¢) in 0 < t < 27 x 31.
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Fig.11f Spectrum ofp(t) in 0 < ¢ < 27 x 31.

2.6 Exciting in the R; direction
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0 A(0) = 0.1, 0(0) = 0, (0) = 0, p(0) = 01000
0000000000 (2.418), (2190000 0 <t <t
(te=27x31)0000000000 Fig.12a12f000.
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Fig.12aPhase portrait off, ) in 0 < ¢ < 27 x 31.
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Fig.12bPhase portrait ofp, ¢) in 0 < ¢ < 27 x 31.

Fig.12cTime sequence df(t) andd(t) versust
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Fig.12d Time sequence @b andy(t) versust
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Fig.12eSpectrum of(¢) in 0 < t < 27 x 31.
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Fig.12f Spectrum ofp(t) in 0 < ¢ < 27 x 31.
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w=050000000000 (2.18), (21900000
0 A(0) = 0.5, 0(0) = 0, (0) =0, p(0) = 01000
0000000000 (2.18), (2190000 0 <t <t
(te=2rx31)0000000000 Fig.13a13f000.

Fig.13aPhase portrait ofd, §) in 0 < t < 27 x 31.The
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figure is rotated by 90 0000000000(2.18), (2190000 0<t <t
’ ‘ (tef27r><31)DIZIDDDDDDDDFlgl3a-13fDDD

Fig.13aPhase portrait ofd, ) in 0 < t < 27 x 31.
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Fig. 13b Phase portrait ofp, ¢) in 0 < ¢t < 27 x 31.
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Fig.13cTime sequence df(t) andd(t) versust

(0 <t <2r x 31). _ . :
Fig.13cTime sequence df(t) andd(t) versust

(0 <t <27 x 31).
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Fig.13d Time sequence @b andy(t) versust
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a5 Fig.13d Time sequence ap andy(t) versust
N (0 <t < 2r x 31).
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Fig.13eSpectrum of(¢) in 0 < t < 27 x 31.
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Fig.13eSpectrum ob(¢) in 0 < ¢t < 27 x 31.
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Fig.13f Spectrum ofp(t) in 0 < ¢ < 27 x 31. K y,
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oopooobobbbDg=1,m=1,L =1, R =05, Fig.13f Spectrum ofp(t) in 0 < ¢t < 27 x 31.
w=090000000000 (2.18), (21900000
0 6(0) = 0.5, 0(0) = 0, (0) = 0, p(0) = 01000
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