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Numerical Analysis of a Spherical Pendulum

Yoshiyuki NAKAMICHI 12 Katsuhisa OOB& "™ Toshio FUNADA?"
Dai IWAMOTO™ Keisuke SHIMIZU?® and Yusuke FUNATS(G

Abstract: A spherical pendulum may be addressed as a next step following after a simple pendulum in the study of mechanics,
which is arranged for higher grade students to study education materials of PBL (Problem Based Learning). The bob position
of the spherical pendulum given in Cartesian coordinates is converted in spherical coordinates, and the Lagrange function is
computed symbolically to lead to the equations of motion, which can then be solved numerically. Based on the conservation of
mechanical energy and angular momentum, discussed are the typical mechanical features in the results numerically obtained.
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“The top of a pendulum of lengtld hangs from the origin.
The massn at the bottom end of the pendulum has coordinates
x = {sin(0) cos(p), y = £sin(0) sin(p), 2 = —Lcos(0), where
the vectorr from the origin tom is at an anglé to the negative
z axis. The spherical coordinatesf are (¢, 6, ¢) with 9:¢ = 0.
The Lagrange function and equations giep, andr. The inte-
gration constants a® ¢, ¢, and the angular momentupy,. The
movement of the spherical pendulum is constrained to the spherical
shell betweet, ., andd,,.. for all ¢ values. The pendulum can-
not reach the singular poings= 0 andf = = for p, # 0. When
the angular momentum vanishes, the pendulum moves in a plane.”
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Fig.2 “Manipulate” of Spherical Pendulufh displayed on
Mathematica 7.
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Fig.3 Phase portrait off, 0) in 27 x 5 < t < 27 x 12. The
figure is rotated by 90
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107¢  25x 1077 0.133975 2.5 x 1077 at0.0005
0.0005 0.000125 0.133975 0.000125 at 0.011
0.001  0.00025 0.133975 0.00025 at 0.0158
0.1 0.025 0.135225 0.0251 at 0.1583
1 0.25 9/8 —+/3/2 0.258333 at 0.504788
2 0.5 3/2 —+/3/2 0.535689 at 0.718938
4 1 3-3/2 1.16525 at 1.01821
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Fig.10aPotential energy/, versusd (—n/50 < 6 < 7w /50)
¢(0) = 0 (bottom solid line)4>(0) = 10~ (solid line),
»(0) = 0.0005 (dashed line)(0) = 0.001 (dotted line).

Fig.10b Potential energy/, versusd (—x < 6 < )
$(0) = 0.1 (bottom solid line)(0) = 1 (dotted line),
»(0) = 2 (dashed line)(0) = 4 (dotted line).
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Fig.11aContour plot ofE = 0.01 (inside), 0.1, 1, 2
(outside) in(6, 0) plane (7 < 0 < &, —1 < 0 < 7), with
¢ = 0 for whicha = 0.
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Fig.11b Contour plot ofE' = 0.01 (inside), 0.1, 1, 2
(outside) in(6, §) plane (7 < 0 < &, —7 < 0 < 7), with
¢ = 0.01 for which « = 0.0025.
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Fig.11cContour plot ofEZ = 0.3 (inside), 0.5, 1, 2 (outside)
in (0,0) plane (7 < 0 <, — < 6 < ), with ¢ = 1 for
whicha = 0.25.
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Fig.13eTime sequence ab(t) versust
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