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Analysis of Modified Spherical Pendulum and Numerical Computations of Its Forced Oscillation
with Damping

Katsuhisa OOBA ™ Yoshiyuki NAKAMICHI 2" Toshio FUNADA™"
Dai IWAMOTO™ Keisuke SHIMIZU! and Yusuke FUNATSU

Abstract: A spherical pendulum may be addressed as a next step following after a simple pendulum in the study of mechanics,
which is arranged for higher grade students to study education materials of PBL (Problem Based Learning). The Lagrange
function for the spherical pendulum is computed symbolically to lead to the equations of motion. Based on the conservation
of mechanical energy and angular momentum, typical mechanical features of the free oscilattion are shown briefly. Solving
numerically the equations of motion with external forcing and damping under the conservation of angular momentum, discussed
is the change in the results numerically obtained. Chaotic solutions are obtained after period doubling.
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T= % (i%+ 0%+ 23), U=mg(zp+L) (2.1)
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L =\/2% +y2% + 2% = constant (2.2)

Fig.1 Spherical pendulum.
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xp = Lsin(0) cos(p), yp = Lsin(f)sin(y), 2.3)
zp = —Lcos(0) '
00000100 TO U0
T = mTLQ [9’2 + sinQ(e)} , (2.4)
U =mgL(1 — cos(6)) (2.5)
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Fig.2aEffective potential energ¥y/, versusi for
a1 = 9.99967 x 10~7 wheref(0) = 0.01 andp(0) = 0.01.
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Fig.2b Contour plot ofE; in the (6, é) plane for
ai; = 9.99967 x 10~ 7. E, = 0.002 (inside), 0.01, 0.1, 0.5,
1, 1.5 (outside).
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Fig.3aEffective potential energy/, versus for a; = 3/4
wheref(0) = w/3 andg(0) = 1.
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Fig.3b Contour plot ofE; in the (6, §) plane fora; = 3/4.
E5 = 0.84 (inside), 0.875, 1, 2, 3 (outside).
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Fig.4aEffective potential energy/, versus) for a; = 1
wheref(0) = 7/2 andp(0) = 1.
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Fig.4b Contour plot ofE; in the (6, 9) plane fora; = 1.
Ey = 1.2 (inside), 1.5, 2, 3 (outside).
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Fig.5a Effective potential energly/, versus for oy = 2
whered(0) = 7/2 and¢(0) = 2.
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Fig.5b Contour plot ofF; in the (6, §) plane fora; = 2.
E5 = 2.9 (inside), 3, 4, 5 (outside).
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Fig.6aPhase portrait ofd (), 6(t)) in 0 < t < 27 x 12.
The figure is rotated by 90
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Fig.6b Time sequence df(t) versust in 0 < ¢ < 27 x 12.
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Fig.6¢c Time sequence af(t) andd(t) versust in
0<t<2r x12.
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Fig.6d Spectrum of(¢) in 0 < ¢t < 27 x 12.
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Fig.7aPhase portrait ofd(t), 6(t)) in 0 < t < 27 x 12.
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Fig.7b Time sequence df(¢) versust in 0 < ¢ < 27 x 12.
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Fig.7c Time sequence df(t) andd(t) versust in
0<t<2r x 12.
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Fig.7d Spectrum of(¢) in 0 <t < 27 x 12.
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Fig.8aPhase portrait ofd(t), 6()) in 0 < t < 27 x 12.
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Fig.8b Time sequence df(t) versust in 0 < ¢ < 27 x 12.
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Fig.8c Time sequence df(¢) andd(t) versust in
0<t<2rx12.
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Fig.8d Spectrum of(¢) in 0 < ¢ < 27 x 12.
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Fig.9aPhase portrait ofd(¢), 6(t)) in 0 < t < 27 x 12.
The figure is rotated by 90
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Fig.9b Time sequence df(t) versust in 0 < ¢ < 27 x 12.
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Fig.9c Time sequence df(t) andd(t) versust in
0<t<2r x 12.
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Fig.9d Spectrum of(¢) in 0 < ¢ < 27 x 12.
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Fig.9eSpectrum of(¢) in 0 <t < 2w x 12.
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Fig.9f Time sequence.
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Fig.9a Strobo plot ofd(t,,) versusF; for ¢; = 0.14.
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Fig.10aStrobo plot ofd(t,,) versusF; for ¢; = 0.12.
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Fig.10b Strobo plot ofd(t,,) versusF; for ¢; = 0.12.
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Fig.11aStrobo plot ofd(t,,) versusF; for ¢; = 0.1.

Fig.11b Strobo plot ofd(t,,) versusF; for ¢; = 0.1.
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Fig.12b Strobo plot ofd(t,,) versusF; for ¢; = 0.08.
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