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Fundamental Dynamic Analysis of a Bifilar Suspension Pendulum

with a Couple of Small Pendulums

Yoshiyuki NAKAMICHI *1'2 Toshio FUNADA1™ Kouji MOCHIZUKI 14
Tatsumi MIYAUCHI'1™ and Makoto KAWAKAMI1"3

Abstract: A uniform density bar is suspended at its two ends by two strings whose two end points are attached to an upper static

wall. The bar may swing or make torsional oscillation in a vertical plane from its equilibrium rest state, which is called bifilar

suspension pendulum. When the distance between the two points is longer or shorter than the bar length, the bar attitude may

change during swinging of the bar. When it is just the same, the bar can swing with keeping the attitude horizontal. Taking into

account this particular property of the pendulum, some device for seismic mitigation has been proposed. In this connection, we
make analysis from linear to nonlinear stage of various modes of oscillations, and some exact mechanical equations are derived
for free swinging mode. Fundamental results are discussed here and some of them will be solved in the following papers. The
results obtained are expected to provide new education materials and to apply in Earthquake Engineering and Seismic Design.

Keywords:Bifilar Suspension Pendulum, Multi-Suspended Pendulums
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(@) (b)

Fig.1 Bifilar suspension pendulum of> a. (a) with two

small pendulums, and (b) with a body of the height of its

center of masa, and two small pendulums.

Fig.1(a), (0)000DO0D0O0 A, BOOOODODO (g, 2¢)0
00000 (6,0 6 0000)000000000 ¢
(p = ¢(61,6:))0000000 h, 00DDOOOD0ODO
00 (zg2,2¢:) 00000000000

xa =xo+ Lysin(b1), za = zo + L1 cos(61),

xp =x0+ 2c+ Lasin(bs), zp = zo + Lasin(fs),
rg = (zA+B)/2, 2¢ = (24 +2B)/2,

TG2 =g — hgsin(p), zg2 = zg — hgcos(p),

20 = \/(xB — xA)2 + (2 — ZA)2,

ZB — ZA
tan(p) = R

(2.1)
000 P, P, (Figl(d)D0000OO0000000000:

ZTp1 = G — ap1 c08(p) + Lp1 sin(fp1),
Zp1 = 2a + ap1 sin(p) + L1 cos(0p1),
Tpz = TG + ap2 cos(p) + Lya sin(bp2),

Zp2 = 2a — Ap2 8in(p) + Ly cos(6p2)

(2.2)

Figl(0 0000000000000 000 moment
00000000000000:

—S1sin(fy) + S sin(27w — 63) =0,

S1cos(61) + Sacos(2m — b) = (m1 + myp1)g, 2.3)
2¢S55 cos(2m — 02) = (¢ — ap1)mp1g + cma g,

(c+ ap1)mprg + cmag + 2¢Sy cos(61) =0

OO0000o0oo0ooooooon 6 = a = 21 — 6,
O0oo0O0o0oooo@RI3)00 1000 5 =S 00
000 200 2S;cos(a) = mig+mpug 00000 3,
4000 apmpug = 00000000 0a, =000
O0OFigl@UO0OO0D0OD0O00OO0D0O0OO0OO0DOO0DOOooOoo
Figl()) 00000 DO00OO00 momentd OO0 O
OO0 mpigap — Mpagaye = 00000 Figb) DO OO
ooooooboboobobooobobooobooooo
000000 Fig.b)OOOODDOOODODODOOOOOO
000000 Figl@ooooooooo
00000o0oo0oo00oo00o0o0dde; = a+ 041, 05 =
2 — 4021, 0y =0+ 0,1,0,0 =040, 0000000
00000000 (3.3)00 TayloroOOO0OOx0000

702

000 1000000z0000000 200000000
000000 100000000000 energym 0000
000 1000000000 potentialenergyl 00000
0000ooo0@3)Duooooooooooooon:

TG = Xo —+ aﬂ-i— h9117
1
o =204+ h— 5(h — af22231)0%;,

Tae = To +af + (h + hgﬂl)ally

ZG2 = 20 -+ h— hg

1
—3 (h — ablaf1 — hgﬂ%) 9%1’
Tp1 = o + afl — ap1 + hb11 + Lp10p1,
Zpl = 20 + h + Lpl - aplﬁlallv

1 1
—5(h—(a~ ap1)022231)07, — §Lp1912:17
Tp2 = To + af + apa + hO11 + Lp20p2,

Zp2 = 20 + h + Lpz + apgﬂlﬁu

1 1
—5h—(a+ ap2)02221)07; — §Lp29;2)27
wr = —p1n

(2.4)

000p, =6-100000
Fig.1(0) 00 O 611, 60,1,60,, 000000000000
00000 Lagranged 0 £0000000000:

92
L=mig (zo + h+ (—h+ abase ) 11)

+mp1g (20 + (b + Lp1) — ap1 81611

(B {a 0,
(h (a ap1)0222/61) 9 Lpl 9
+ mp2g (Z() + (h + Lp2> + ap2ﬁ1011
62 02
—(h = (a+ ap2)0222/61)# - Lp2§2>
1 2 27 42
+ B [mlh + J61] 011
m . . . 2
+ Tpl [aiﬁf@fl + (h911 + Lp19p1> :|
m ) ) N
+ Tp2 |:a1272ﬂ%9%1 + (h@n + Lpgepg) ] (2.5)

O0000O0Lagrangel OO0 O 0OO0OOOOOOOOODO
oo:

agoo + a110611 + ar11611
+a1210p1 + a1316p2 =0,
a211011 + a2200p1 + a2216p1 =0,
az11011 + as300p2 + asz10,2 =0

(2.6)



paper07-coupling-novll.tex printed 2009110 110
00000 ageo-asz O OOOODOODO:

M =mq 4+ myp1 + mpa,

agoo = g(Mprap1 — Mp2ay2) B,

ai10 = g[Mh + (mprapt — mpzaps — Ma)
X022 1],

a1 = (J +mpraly + mpaaly) B7 + Mh?, 2.7)
a121 = MprhLpy, a1z = myahlps,

a211 = Mp1hLy,

_ _ 2
az20 = Mp1gLp1, @221 = mp1 Ly,

aszil1 = meth27

_ _ 2
aszo = mp2gLp2, ass1 = mp2Lp,

O000L,=L,=a=10000080<B<2)000
0000064, 0000000000:

(1-p)VB

— (2.8)
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Fig.2 Bifilar suspension pendulum of> « with three small
pendulums.
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Fig.3 Bifilar suspension pendulum of> a with three small
pendulums and a body of the height of its center of nigss

Fig2, 300000000000000000000
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00 200000000000000000 ¢;0000
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0000000000000 (z,2)000000000
00000000 C,0000 (x4 2¢,2) 00000
00000 C,A B C,00000000000 (r,0)
000000000 ¢, 00000000000000 6
00000000 ¢, 00000000000000 6,0
00000000000000000:

0000 A: (za, 24)
= (xg+ Ly sinby, zo + L1 cosby),
oooo B:(Z‘B, ZB)

= (xp + 2¢+ Lo sinby, zo + Lo cosfy)
(3.1)

oo0ooooboboooDbD poobO0obOobOoonboo
m; =2ep000000000000000000C00O0O0
momentD OO0 00000000000 (zg,2¢)0000
0000000000000 (zg,2¢) 000000000
O0000000000000 (yOOooooo)oooo
ooobooooooooonoobDOo p0OobobOo:

Lo cosfy — Ly cosfy
2¢ + Lo sin Oy — Ly sin 64

ZB — ZA
tan p = me s =

(3.2)

0000000000000 000O0O0OO0 (za2,262)
oooooooooog:

e = (xa+zB) /2, zc=(24+2B)/2
TGe = TG — hgsin(p), zg2 = z¢ — hgcos(y)
(3.3)

(3.1)0000000D000000(0000)000
(2)’000000000:

(20)* = (x5 — x4)° + (28 — 24)° (3.4)
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(34000000000 F(01,6,)00000D0O0O:

F(01,05) = (x5 —x4)*> + (25 — 24)* — (20)*
=4c® + 4c(Lysinfy — Ly sin@y) + L2 + L2
— 2Ly Ly cos (62 — 01) — (2a)* (3.5)

ODO0F(A1,60,) =00 (340000000 6 (—7/2 <
0 <7/2)0 6, (37/2 < 0, < 57/2) 00000000
goboooboobooobobobooobbooboboobooo
0000000 200000 (L = Le) O F(64,02) O
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00 200000000000000000000
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Fy(61,6,)=0,=00000000 «OODDOODO:

Fy(01,02) = Fs(a,2mr —a) =0
= 4c? — 4a® — 8cLy sin (o) + 4L3 sin? ()

cFa c+a
I ) (3.6)

Ly
00000000 a(-r/2<a<7/2)00000000
O00O0|(cFa)/l1|<10000(3.6)00000000
000000 a=a000)000000000000
000000000000000000 (e=a;)0000
O000OhR=Licosa; 000000000000 DOOODO
00 parametern,, A000B 0D0D000O0OOOO0O0:

sin (o) =

— « = arcsin (

c—a
h
O0000<a; <7/2000 tanag > 0,1 <8< 2 (0
0o Fig.ZDDDDDDDDDD)DDD,—T(/QSOQ<0
O0000 tanay <0,f<100000000000CO0
B=0( <00 C,,C,001000000 (COO0O)
0000000 =1(e=¢a;=0000000000
31 D000OO0oO0oOoOoooooooon

00 200000000000000000 644,65, 00
goooooooooboooobod:

tana; =

CB=< (3.7)
a

Fy(aip 4 011,27 — oy + 021)

=4c® — 4a® + 2L? — 4cLysin (o + 611)

+ a1 sin 031 — by cos b1

=di +c1 sin(921 — ’7) =0 (38)
000000000 y=+(A,) 000000000

~v = arcsin(by/c1) (—7/2 <y < 7/2) (3.9)
000@8)Uo0o0 a-dy OO0OO0ODOOOOO:

ay = 4cLy cos(ay) — 202 sin(20 + 611),
b = 2L% cos(2aq + 011) + 4eLq sin(ay),

3.10
c1 =/a? + b3, (3.10)

dy = 4c¢* — 4a® + 213 — 4cLy sin (ag + 011)

704

0000000 (3.8)0u0n0i0ono0ngn 00000
ooooo:

021 = 021(611) = v — arcsin (?) (3.11)
1

00000000000000000000 64, 621(611),
©1(011,051(611)) 000000000(3.11)00 633 =0
0000 TaylorDOOOO 6, 0 20000000000
ooo:

022(011) = 0200 + 0221011 + 020207, (3.12)

0000000000000(3.12)000000000
0300 = 0,0901 = 10000006, 00000000
00000000O00a,¢, L1, 00000000 =1,
L,=10000006 0 B80<B<2)000000:

1—
9222:M (3.13)
2-p
O000e0O0O00 (320000000 Oooon

0000 o~ 000
0
s = —p1 [011 + 2222951} (3.14)

000B =4-10000

00 my; (j=1,23000000 L,; 0000000
000000000000000000 a, 000000
00000000000000 (2p),2,;) 0000000
ooo:

{mm = xG + apj cos(p) + Ly; sin(,;), (3.15)

Zpj = Za — apj; sin() + Lp; cos(8p;)
ooobooobbooobobooobboobobouoooo
[Il]apjDDDDDDDDDDDDDDDDDDFig.ZDD
O0apr <0,ap2 = —ap1 >0,ap,3 =000000000
0000000000000060,;=0,=000000
gobooobo moment OO OQOOOO:

3
Zmpjapjg =0 (3.16)
j=1

00oo00oo00oo0 6, 000000000000
cooooooooooooooooooooog:

g = a/B + 2o + hellv
1
za =h+ 2 — 5(h — aba2231)07;,
zg2 = af + o+ (h+ hyB1)b11,
92
262 = h—hg+z0 — (h— abamfr — hef37) %’
Ty = afl — ap; + To + ho11 + ijgpj7
Zpj =h+ Lpj + 20 — Brapib
011 O

+(—h + aba231 — 922251%1)7 N ij%’
Zpjo = h+ Lp; + 2o — Prap;011,
o = —f1611

(3.17)



paper07-coupling-novll.tex printed 2009110 110

O0m 00000000 moment/ OOOOOOOOO
00 Lagrangedd O £, 0000000 O0OO:

mi . J .
L = 7155%: + §S02 — M1gzG1

_menin ) 4 L g2
=5 (O+h911) + 261911
2

0
+mig (h —+ 20 — (h — aegggﬁl);) (318)

ddbgbhbOoooobobbooobobbooobobooboo
0000 Lagrangddl 00000000000 OooonO:

(m1h2 + Jﬁ%) 011 + mihio + mig(h — aba22061)011 =0
(3.19)

O0m, 00000000 moment/,0OOODOOODO
0000 Lagranged O Lo, 00O OOOODOODO:

ma . Jo .
Lo = 796%;2 + 3902 — M2gza2

62
= mag (h — hg + 20 — (h — B1(ab222 + hgﬁl));l>

my ( N2 Ja o
+ 02 (a0 + (h+ hyB)0u) + 2B (3.20)
OoooOo0oO0OO0DO0O0OD0O0O0OD0DO Lagranged 0O OO

cooooooooog:

(Jgﬁ% + mg(h + hgﬂ1)2) éll + mg(h + hgﬁl).’i’o
+ mog(h — f1(abazz + hygfB1))011 =0 (3.21)

00 my; (j=1,2,3)000000 L,; 0000000
0000D0000D0000000 ¢, 000000000
000000000000000 Lagranged O £,; OO
000oooo0oo:

Mpj /.92 22
Lpj = % (55 + Znjo) = M9z
My i . : 2 . ] i\
=722 (20— Byt + (0 -+ b+ Lighy) |

+ mp;g ( h+ Lp;j + 20 — Brap;bh

(3.22)

02, 0
—(h — 022231 (a — apj))7 - %Lm‘

00000000 m, 000000000000 Lagrange
gobooboobobooboono:

Mipj Lip; [ijépj + hby1 + Zo + gepj] =0 (3.23)
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4 300000

00 me 000000 mpr,mp2, mps 000000000
000 Lagranged 0 L3 00 0000000O0O:

3
Ly="Lo+ Y Ly

Jj=1

1 : ) N\ 2
= 5 (884 ma (04 (ot 100 )

1
+ mag ((h — hg) + 20 + (—h + absz 1 + hyf37) 2‘9%1)

3
+ Z %mpj {(«Zo - 51<1pj911)2 + (S'Co + hyy + ijépj>2:|
j=1
3

+ Z myp;g (h+ Lpj + 2z — Brap;fn
j=1

1 1
—(h — 029261 (a — apj))§9%1 - ij29,2)1> (4.1)
00000000 0000000000000:

(J287 + ma(h + hyf1)?) 011 4 ma(h + heBr)io
+ g(m1(h — aba2261)011

3
Y my; ((hio — Brap;Zo) + (h* + Bag;) 611 + thﬂpj)

Jj=1

3
+Zmpj9(ﬁlapj+(h—922251(a—apj))911)) =0
j=1
4.2)
O000()000002, 0000000 zeroOOOOOOO
00000000 z,0o0oooo

oo my, D00000oooooooogoad:

mijpj (gé),,j + Zo + hén + ijém) =0 (43)

5 500000

O0m, 000000 my; (j=1,2,3,4,50 50000
000000000 Lagrangel 0 £; 000000000

oo:

5
Ls = Lo+ Zﬁpj

j=1

~Lnpe 4+ iy (:r + (h+ hyfBy)0 )2
22111 9 2 0 gP1)V11

1
+ mag ((h — hg) +2z0 — (h — a922261 — hgﬂﬁ) 20%1)
> 1 . .\ 2 ) . N2
+ Z 5Mpj ((ZO - 51%;‘911) + (:Eo + hé11 + Lm'epj) >
j=1
5
+ meg |:h + ij + 20 — Blamﬂn

j=1

1 1
_(h - 922251 (a - apj))iefl - 2ij0§j:| (5-1)
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coooooobooooooooooog,

(283 4+ ma(h + hyB1)?) G11 + ma(h + hyBr)Fo
+ g(ma(h — B1(aba2 + hgB1))011

5
+ Z Mpj ((hl‘o — ﬂlapjéo) + (h2 + 612a12)j) én + hLmém)

Jj=1

5
+ > mpig(Brap; + (h — 022281 (a — ay;))011)) = 0
j=1

(5.2)

000000000z 0000000 zeroOOODOOO
oooooooo 3000000
Oo0my, 0000000000000 0O00O0O:

Mp; Ly, (erj + io + by + ijépj) =0 (5.3

6 0000

ooBPooo2000000 30000 moded 000
O0000000000000000000000000
000000000D00000000000000000
2000000 mode 100 00000000000 OO0
O0000000000000000000000000
0000000000000 00 potential energy] O O
O000000000000000 Lagranged 0000
O Lagrangeld 0000000000000 OOOOO0O
DDooDooooooooooBEisogon
0000000000000 00000ReRLRe 0o
OoDoo0oono
000000000D0000000000000000
00000000000000000000D000000
0000000000

oooo

[1] 00 0000 00:%2131800000000000
00000000:00100000000000"
OD000000.B-2,001,00,0000000
2000 (2000), pp.635-636(0 000000 00).

[2) 0000000 0:42131900000000000
O0000000:002000000000%00
000O0O0.B-2,00 1,00,0000000 2000
(2000), pp.637-638(0 00000 OODO).

300 000000 0:%1298000000000
0D000000000: 003002000000
0000007 0000000.000 (B-2) (2002),
pp.595-596( D 000000 OO).

[4] 00 00000 000000000 00000 O
0:+21300000000000000000000
0:00400000000000000"0000
000.000 (B-2) (2002), pp.599-600( 0 0 O O
ooooo).

706

[5] Ding Zhou & Tianjian Ji: “Dynamic characteristics of

a generalised suspension system” International Journal

of Mechanical Sciences0 (2008), pp.30-42.

[6) OO OOU0OOC ODOOOOOOOO0OOO OO OO
000000 ooooo oooog g:“PsSbood
goboboboooooobbboboooouobbobooboo
(3:200000”"0000000DOO 430 (2009),
pp.63-70.

[7] 00 000:“0000"000001983.

[8] D0 OD:“000"(00 1700000000 510
oooooo)yoooo, 1976.

Q1 00 00000000000 000000 00 O
0000000 oooooooooo o:*PSboOd
gboboobobuoobobobuobooboobo
0 (4):200000000000"00000000
O 430 (2009), pp.71-78.

1000 00000 00000 00000 o000 O
OOMazniAllfanD OO 0000000 OOQOOO
oo:“PSDOOOOOOCOOOOO 20000000
00000’ 000ooooo 200900000 2009
030 170 (0)0200 (0)DDODOOO0O0O0O30
180 (0)00MmWD-1500000(@000000)d
00000D-15-24
Ooooooooo 20090 ocooooOoooOooOO
ODvDOOOODOOOOOOOOO p.202. file:
d_15.024.pdf

[11] 0000000 00000 000000000 O
o000 00:“000b000o00ooDoooon
00000 (UoooooOo) 0ooo0oooooo
0580000000 20090 30 170 (O)oi180O
(0)OoDOoOo 000 30 180 (O) 12:45-14:00 GS
0000 oooo 263.

000000 o0ooooos8000000 D000
0 ('09.3.17-18)N0.093-1, pp.133-134.

[121 D0 00000 O0DOOOOOOUOOOOOOoOO
0oooobbooouob ooobboo oooo o
0:2000000000000700000000
0 440 (2010), in press.

[13) 00 0000 C0CDO0O000 OO0 O0O0O00OOOOO0O
oo ooboob oooob ooboobo oo:
‘2000000000000 0O000"00O00O0O
00O O 440 (2010), in press.

[14 00 00000 00000 0DO00OO0O0OO0 ODOOoO
gdoddooooob bobobboboo oooo o
0:2000000000000700000000
0 440 (2010), in press.

[151 00 0000 000000000 O0UOoOoooo



paper07-coupling-novll.tex printed 2009110 110

OO0 ooOoO0Ooooooooogoooo:*2o00
Oo0o0oooooooooooooooooooTo
0000000 O 440 (2010), in press.

[16) 00 O0O0ODOO0 OO0OO0OO0O OOOOOOOOOOoOO
o000 b0 boboobbo booo o™
0:"20000000000000DDODOCOCOO"DO
0000000 O 440 (2010), in press.

[177 000000000000 000000000 00O
OO0 O0:“000 200000000000000O

000000000000 O 440 (2010), in press.

[18) 00 0DOOOD DUODUODOOODOO ODOOoOO
b oo oboooobbob ooob ooooo o
I o o o O
goooobbbbooodooogouoo:-oooo
0000000 TOUKAIN(ODDODOOD)-0(@O0)doo
000000 (8)0000000n O 440 (2010),
in press.

[19) 00 00000 00000 O0OODOO DO0O0oOO
o000 oo:*2000000000000000
0000’0 5880000000000 O0D0ODOOO
NCTAM2009, pp.255-2560 58000000000
00000000020090 60 900000110
gomosisnooooooooooooooooo
0000 2B13 (6/10).

[20000 00000 ODO0OO0O0 O0OO0OO0OOOO0OO0OO0O0O O
0:2000000000000000700000
000 O 440 (2010), in press.

[21] 000000000000 0000 OODOOOOO:
“0000000000000D00000O00OO0ODOO0
00000O0"o000oooooo o 440 (2010), in
press.

[221 00 00000 0D0OO0O0 00000 OOOO0O O
o000 o000 o000 oooob oooo
o0:“0000000oDooooooooon”ooon
00000 O 440 (2010), in press.

[23) 00 00000 ODU00O0O OOO0OODOOOOO O
gogob oo bbb booubo oo o
O:“00000000000000000: Pendulum
Snakel 200000 00000C0O0O0O O 440
(2010), in press.

[24] O O 0O 0O OKim HyungjundJoseph D. Daniel:t1 0 O
ooooooooooooooooooooo”’oo
000000 O 440 (2010), in press.

[25] OO O0O: “Kelvin-HelmholtzO OO OOOOOOO
00o00o0ooDooooDoooooooo”oooog
OO0 O 440 (2010), in press.

707

[26) 00 DOOOO O:O00 Wilberforceo OOoOOQO
O0oO0oo0:00o00"oDo0Doo0oooo O 440
(2010), in press.

[271 D0 00000 0OO0O0O0O0O 00000 O00OO000 O
dooo oO:“000b0ooooooooooooa
O0000o00oo0o0oO00oO0ooOoooo ("oooo
0000 O 440 (2010), in press.

[28) 00 O0OO0O0OO0O OO0OOO OOOOOOOOO O
0000 00000 oooooooooo go:“PSD
gooooobooooobobooboboobooo
Ooo (G)e:20000000000”0000000
0O O 440 (2010), in press.

[29 00 00000 00000 OOOOOOOOOO
o000 og: “Wilberforceo 0oooooO”"oO0
00000 O 440 (2010), in press.

[30)] 00 00000 O000D0 OD0O0O0O0 ODooOoooo
0o oobooobobb oo oooog oo:
‘2000000000000000000DOOO0O”
0000000000 O 440 (2010), in press.

[l 00 00000 00000 O0O0OODOO0OOOOO O
0200000000000 0O00O00O0oOOo0”
00000000 O 440 (2010), in press.

[32 U0 00000 U000 U0UDODODO OCUOO0OO O
0:2000000000000000000000
O0000"00000000 O 440 (2010), in press.

[ 00 00000 00000 00000 OOO0oO O
oooooo:*0oooooooo’ooooog
00 O 440 (2010), in press.

[34) 00 00000 00000 D000 00000 000
OO0 00:*“00000000 simulation: Lorenz-
Chen-liOOO"00000OOO O 440 (2010),
in press.

[35] 00 00000 00000 O0O0O0oOOOooOoO O
O:“00 WilberforceDOOOQOOO"0O00O0O0OO
OO O 440 (2010), in press.

[36) 00 00000 OD0000 000000000 o
0000 00:“00 AtwoodO OO OO simulation”
00000000 O 440 (2010), in press.

[371 00 00000 00000 000000000 O
o0 bdobOob0D ooboob ooouo boooo
00:*00 AtwoodO OO OO simulation:0O0 00"
O00O0O0oOgg O 440 (2010), in press.

[38) 00 00000 UUU000D O0D0OUODODOOOO O
0:“0000000000000000D00000
O00"00000000 O 440 (2010), in press.

[39) 00 00000 00000 00000 OoOOO0OO O
oooooo:“00000oo00ooooooon



paper07-coupling-novll.tex printed 2009110 110

0000000000 O 440 (2010), in press.

4000 00000 00000 00000 OOOo0O O
0000 O0:“00 WilberforceDOOOOOOOO
OO00oooO0"0o0ooooooo o 440 (2010), in
press.

[41] 00 00000 00000 O0OOC0COOOOOO O
0000 O0:“00 WilberforceDOOOOOOoQ
O00"00000000 O 440 (2010), in press.

[421 00 00000 00000 0000 O0OO0OO0OO00 O
000000000 00:“00 AtwoodOOODODO
OO0000ooooooooooood simulation”O
0000000 O 440 (2010), in press.

[431 00 00000 00000 O0OOOOO ODOOOO
o000 o0:“000o0oooooo"ooooon
000 O 440 (2010), in press.

[44 00 00000 000000000 O0OOO0OO0O O
000000000 oo:“00 AtwoodOOODODO
O0000ooooO0ooooo simulation"0 000
0000 O 440 (2010), in press.

[45] 00 0000 000000000 00000000
o0 odobooo boobo boobo ooooo o
0:“00000000000000000:0000
O0oo"00oooooo o 440 (2010), in press.

[46) 00 00000 0D0O0O0DO0 O0O0OO0OOOOO0OO0O0O O
0000 O00:"“00 AwoodOOOOOOOODOODO
D00000000 simulation"0000O0O0OO O
440 (2010), in press.

[47100000000:“00 AtwoodO OO OO simula-
tonn00O0O0O"000O0O000O0 O 440 (2010), in
press.

[48) 00 OD0DUODO DODOOOO OO,00 00,000
O:*PSDOCO0OO0OOOUOOOOCOODOOOOO
O000oooo"0ooooooo o 420 (2008),
pp.57-66.

49l U0 OOO0OO0OO0 ODUOOOOO,00 00,00
oo0,000 00,00 O:*PSDO0OOCDOOO0OO
O000O0OoO0"0o0oo0oooooo o 420 (2008),
pp.67-76.

[(0)00 00:“000000 200000000000
o0oDoo0oDooooooooooo”"ooooo
0.00 15(1), pp.201-213.

[51] M. R. Jardin: “Optimized Measurements of UAV Mass
Moment of Inertia with a Bifilar Pendulum” Matt R.
Jardin AIAA 2007-6822 AIAA Guidance, Navigation
and Control Conference and Exhibit 20 - 23 August
2007, Hilton Head, South Carolina.

[52] M. R. Matthews, C. F. Gauld, & A. Stinner: “The Pen-

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

708

dulum: Scientific, Historical, Philosophical and Educa-
tional Perspectives” Springer (2005).

L.D. Akulenko: “Optimal control of motions of a bi-
filar pendulum” Journal of Applied Mathematics and
Mechanics Volume 68, Issue 5, 2004, Pages 707-717
o oobobo obooob obobb bboobo bg
g oooobobbbb oo ooooo bo:
“Computational Fluid Dyanamics 000" 00O OO
0000 O 39002004), pp.31-40

00 00d0b oo ooubo boboao
0000 00D0OD 0OoDOoD OO:*“O0Doon
goooobboodoooon —oooooo
00 MathieuD OO —" 00000000 O 400
(2005), pp.23-32.

00 ooboooobobob o000 ooooo oo:
‘PSDOCOO0DOOODOOODOOODOOOODOO
ooooo0’0o0 2000 000000 DO0ODOOO
Oo0doooooo (uoooooocooooooo
00 1522-300 200 90 180 (0)0 190 (O)O
0000:0-43 00000 0O430.pdf

0 oo ooobb bbbooogoog o
0:“000000000o0oooooooooood
(4:000000000000D000O0O0O0ODOO
000000o0O0"000000000 420 (2007),
pp.133-142.
O0d0oooooo:*000000ooooooooon
O00O0O0oo0ooOoOo"00ooooooo 2(2004),
pp.414-424.

00 oopbobb oodbb oo bbooo boo
00 0000oDo:*00000000000000
0000000"000000000 430 (2009),
pp.15-20.

o gooboboo bbb obobooo boooo o:
“O00000000000000000000 (2)"
000000000 430 (2009), pp.21-28.

00 o0D0oDooO0 oooo ooooo o:*oo0oag
00000o0o0oooo0:010000000000
ooooooooooooooooooooo”’oo
00O0o0Oooo.Co 68(676) (2002), pp.3499-3506.
oo oooooooobb bbooogoo o
oooooo:*7460 0000000000000
ooooooooooooo”

00000 ooooooooooooo: 81200
gobobobboooooobbbobooouobbobooboo
oooooogr

A. Vyas, A. K. Bajaj: “Dynamics of autoparametric vi-
bration absorbers using multiple pendulums” Journal of



paper07-coupling-novll.tex printed 2009110 110

[65]

[66]

[67]

[68]

Sound and Vibration, Volume 246, Issue 1, 6 September
2001, Pages 115-135

000000 0ooooo oo ooooo ooo
oo oo:*4500000000000000000
0000000000 0” Dynamics & Design Con-
ference 2007, pp.450-1-450-6, 20070926 O O O
ooooo)

0000000 ooo0oooo:“00o0ooon
o0o00oooooooooooo (ooo,oa0,o
000) 000000000, Co 72(722), pp.3170-
3176, 20061025 (ISSN 0387502) 00 OO/00O
ooooooon)

g ooooooobbbbbbuoouogoo o
0:“3210000000000000O0O0DOO00d
o000 (©s-3000)y'oooooooooooon
2006(81),"3-25",2006031 (000000 O0O0O)

00 oobodobo oboooo boboo boooo d
0:"320 0000000000000 0O0O0O”
Dynamics & Design Conference 2005, pp.312-1-312-
6,200508221 000 0000O0O)

oo

1 oooo 701
2 000 20000000000 701
3 200000000000O0DOOOOOO 703
31 0O000oooOoOoooooooooo. .. .704
4 300000 705
5 500000 705
6 oooo 706

00 m, 000000000000 Lagranged O Ly
goboobooooo:

HEN

Ly = % (#p1 + 251)

=mp1g (h+ Lp1 + 20 — frapifn1

— Mp192p1

9%1 921
—(h 4+ 022281 (—a + ap1)) == 5 TLM

mp1

5 ((Z'o - ﬁlaplén)2

i A
. . 2
+ (:.CO + hb11 + Lp16‘p1) ) (0O0.1)

mpy; 000000000000 Lagranged 0000

coooooooood:

mplng10p1 -+ Lplmplfi'o + thlmplén + L?)lmplépl =0

(CO.2)

709

L3 = Lo+ L:pl + ﬁpz + ﬁpg

1
= Mmag <(h — hg) + 20+ (—h =+ aegggﬁl + hgﬁ%) 29%)
+mp1g (h+ Lp1 + 20 — Brapifin
1
—(h 4 022231 (—a + ap1)) =0 3

+ mpag (h+ Lpa + 20 — /51%2911
—(h 4 022231 (—a + apz)) 911
+ myp3g (h + Lps + 20 — Braps3bin

—(h 4 022231 (—a + aps)) 1

Py P1>
P22 )
&) P5>
1 202 . )
+ 9 J261011 +mo | X9 + (h + hgﬂl)all

1 . SN2 . .
+ 571 <(2’0 - ﬂlaplell) + (330 + ho11 + Lp10p

1 ) N2 . ) )
+ 53 ((Zo - ﬁ1ap3911) + (330 + hO11 + Lp3Ops

))

+ %mﬂ ((20 — ﬁlap2911)2 + (3’30 + h11 + Lp29p2)2>
))

3

oo m, 0000000000 0000000:

mplel (99;01 + Zi'o + héll + Lplé;ﬂ) (D 0 4)
00 medooOOoOooooOOoOoooooooo:
mngpg (g9p2 + 1.1.70 + héll + Lpgép2> (D 0 5)

00 mpysdo0o0ooooOooooooogo:

mngpg (g9p3 + i.?O + héll + Lpgépg) =0 (D 0 6)



paper07-coupling-novll.tex printed 2009110 110

‘CS = [/22 + Epl + £p2 + £p3 + £p4 + £p5

= mag ((h —hy)+ 20 — (h— BBy — hyf?) ;0§1>
+mp1g ((h+ Lp1 + 20 — Brap1 611
—(h — 022281 (a — a;ﬂ)é@fl) 1 )
+ mypag ((h + Lpz + 20 — ﬁlap2911
—(h — 099201 (a — apg)) 0 ) - p20 )
+mpag ((h + Lyps + 20 — ﬁlap3911
—(h — 022231 (a — ap3))9%1) -5 )
+mpag ((h + Lpa + 20 — ﬁlap4911
—(h = 622251 (a — ap4))9%1) -5 )
+mpsg ((h + Lps + 20 — ﬁlap5911

)

—(h — 022231 (a — ap5))20§1) -

1 . .
+ 3 (J2ﬁ%9%1 + mo (w'o + (h+ hgﬁl)lgu) )

+ %mpl (( ﬁ1ap1911) (xO + hty + Ly by 1>2>

+ %mm (( 51%2011)2 + (:co + héy; + Lp29p2)2>

I %mpg <<ZO ﬂlap3911>2 + (330 + hén + Lp39p3)2>
1 2 j i

+ 37 ((zo ﬁ1ap4911) + (330 + hbi1 + Lp49p4) )
1 2 i

+ 53 ((zo 51%5911) + (950 +héy + Lp09p5> )

oo.7

710

g(ma(h — Bi(abazz + hgf1))011

+mp1(Brapt + (h + 022251 (—a + ap1))011))
+ mpa(Brapa + (b + O22261(—a + ap2))011))
+mp3(Braps + (h + 022261 (—a + ap3))011))
+ mpa(Braps + (h + 022261 (—a + apa))011))
+ mps(Braps + (h + 022251 (—a + aps))011))
+ma(h+ hyBr)io + (257 + mg(h + hyf1)?) b1y

+ ((h:r'o — Brapizo) + (h* + B2a2) by + hLb, 1)
+ Mo ((h:’io — Bragazo) + (2 + ﬂlap2) b1 + th29p2>
+mys ((hx'o — Brapszo) + (h* + B2aZy) by + th39p3)
+ ((h:r'o — Bragao) + (h* + B2a%,) by + th49p4)
+ s ((h:’io — Bragszo) + (h? + B2aZs) i1 + th59p5>
=0 (0DO.8)

oom,y 00000000000000000:

mp1 Lyt (981 + 0 + by + Lnfy ) =0 (0 0.9)
00 medO0O0O0O00O0O000O0O0O0O0O00O0O:

Mp2 Ly (gep2 + g + g + L,,Qépz) —0 (00.10)
Oo0m,s 0000000000 00o0o0o00:
mpsLys (903 + o + b1 + Lygfs) =0 (00.11)
o0 myudo00oOooooOooooooooo:
MpaLps (ge,,4 + o + hlyy + L,,4(9'p4) -0 (0D0.12)
Oom,, D00 O0O0000000000000:

mp5Lp5 <g6‘p5 + Ii‘o + héll + Lp5ép5> =0 (D g 13)



